A Focus on Mathematics

From Four Colour Conjecture to Four
Colour Theorem – an analysis by means
of Zentralblatt MATH
In their everyday routines, mathematicians every now and then will have to deal with
results which in some cases resulted from the engagement of whole generations of
researchers who helped to solve a tough problem. Not always in their lifetime the problems attracted the same amount of attention. Can the MATH database help to illustrate
these aspects? We take the Four Colour Theorem as an example for which we show how
the interest in a topic has evolved over a long period.
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The development of mathematics can be traced,
among other things, by means of the many problems
which served as a starting point for research. Fruitful
problems do not only attract interest in a narrow field;
trying to find a solution to them often gives an insight
into other areas of mathematics. Thus, interconnections arise which often are not anticipated in that
form. This effect arises whenever the straight path to a
solution is too pebbly and equivalent formulations of
the problem are found which at best make it possible
to achieve the goal in a simpler way in a different area
of mathematics.
In the mathematical community huge problems are
sometimes a dominating topic for many years, even
decades. During their lifetime they attract different
degrees of attention, sometimes more and sometimes
less. The longer the problems are around, the stronger
and the wider is their influence on their mathematical
environment. The fact that in some cases they gene rate activities in several rooms of the “mathematics
building”, sometimes even on different floors, made
the total of these problems the driving force behind
mathematical research. And the more widespread
these the problems are prior to their solution, the
more the various areas will profit from the solution
once it has been found.

In his book “The mathematical century: The 30 greatest problems of the last 100 years“ [Princeton University Press (2004; Zentralblatt MATH 1065.00003)], P.
Odifreddi presents the greatest problems of the last
100 years and describes their impact, both on the
area in which they were generated and on mathematics as a whole.
Let us quote a few of the problems mentioned there:
Einstein’s general relativity theory, Gorenstein’s classification of simple groups, Bieberbach’s symmetry
groups, Hale’s solution of Kepler’s problem, Wiley’s
proof of Fermat’s last theorem, the four colour theorem of Appel and Haken, Kolmogorov’s axiomatization, etc.
As mentioned before, these problems were not paid
the same amount of interest during all of their lives.
We therefore consider it of interest whether the development of the attention paid to a problem can be
documented in a rather simple way by means of the
number of papers on it reviewed in Zentralblatt MATH.
Let us choose the Four Colour Problem as our example. It was first formulated when in the year 1852
Francis Guthrie, who just had graduated from Univer sity College in London, in a letter to his younger
brother Frederick, who was still a student, asked him
to determine whether it was mathematically proven
that every map painted on a sheet of paper can be
coloured with only four colours in such a way that
nowhere two countries of the same colour share a borderline. The Four Colour Conjecture was formulated,
however, it would take 124 years until a final proof
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could be furnished. Their teacher, Prof. De Morgan,
could not provide any proof and thus it remained for a
long time. In 1878, A. Cayley brought the problem forward to the London Mathematical Society, but he was
not able to solve it. One year later, A.B. Kempe presented a proof which in his opinion was true. Kempe’s
idea was to find a set of configurations that was unavoidable in a normal map. At the same time he was
looking for reducible configurations, where a configuration is said to be reducible if it cannot be part of a
minimal five-coloured map. In the year 1890 Kempe’s
attempt of a proof was recognized to be faulty by P.J.
Heawood who also noted that it would be very difficult
to “repair” the proof. He tried to transfer the problem
of colouring a map on a plane surface to that of
colouring a map on more complex surfaces, which
seemed to be easier to solve. Heawood worked on the
problem for 60 years. In the course of his efforts
regarding the four colour problem he proved the five
colour theorem which says that each normal map can
be coloured with five colours. You can find a nice
proof of this theorem in the book “Proofs from THE
BOOK” of M. Aigner and G.M. Ziegler. Shortly after
1910, new ways were pursued, and new reducible configurations were found. D. Birkhoff improved Kempe’s
approach by showing that even larger configurations
than those described by Kempe are reducible. Now
first concrete results were presented. In 1922, P. Franklin found out that maps with 25 countries maximum
can be coloured with four colours. In 1950, it was already known that maps may even contain 36 countries
to remain four colourable.
In 1937, H. Whitney formulated a numerical equivalent
to the four colour problem, another attempt to attack
it by making a detour. There was an arithmetic approach, even a four colour formula was given (J. Nuut,
1931). And the probability of the correctness of the
four colour theorem was investigated (E. Krahn, 1932).
After all these attempts in the 1920s and 1930s, interest in the four colour problem dwindled a little. In fact
the main reason for this was World War II, but also
after the war the problem only gradually regained its
place in the focus of whole workgroups. New approaches were designed, the failures of earlier ones
were investigated and recognized. Many of the well
known graph theorists took care of the problem. In
1969, H. Heesch, who had been working on the prob lem since 1936, wrote a whole book on the four colour
problem. He suggested that he would be able to prove
the theorem by finding an unavoidable set of redu cible configurations. His work paved the way for the
generation of a computer program which could perform the operations that were necessary to determine

this unavoidable set, which would have been impos sible by hand. K. Appel and W. Haken finally were the
ones who were successful with a computer program of
that kind in 1977 . They found 1936 unavoidable configurations. Later they were able to reduce this set to
1476 members, and in 1996, N. Robertson, D. Sanders,
P. Seymour, and R. Thomas could bring down the number of unavoidable reducible configurations to 633.
With Appel’s and Haken’s proof in 1977, one of the big
problems was for the first time solved by means of
computer programs. This approach was rather unusual
at that time, a classical proof with pencil and paper is
also in this case still longed for. However, checking a
great number of cases in a reasonable time seems to
be only possible by computer support.
You can find all articles and books mentioned above
when you perform a search in the database ZMATH
which comprises data from both Zentralblatt MATH
and Jahrbuch über die Fortschritte der Mathematik
and thus reaches back to the year 1868. With many
little queries you can collect valuable information on
those books and articles which in their times paved
the way for the solution of the four colour problem.
You may also find those papers whose approach did
not lead into the right direction. After a few queries
one notices that times of high interest in the four
colour problem were followed by times of lower interest and vice versa. It is interesting that a very simple
query gives us a first idea of the intensity of interest
paid to the problem in individual periods. As the term
“four colour problem” usually appears in the title of
the relevant papers, or otherwise certainly in the
review, it seems sensible to carry out the following
little query in “Basic Index” (BI):
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[bi: „four colo*“ | „vierfarb*“ |
„quatre couleur“| „quattro colori*“]

The result over the complete database comprises 488
papers. If you distribute these into time bins, for
example decades, you get the following table:

Time period
<=1900
1901-1910
1911-1920
1921-1930
1931-1940
1941-1950
1951-1960
1961-1970
1971-1980
1981-1990
1991-2000
2001-today

Hits
6
3
3
23
46
11
7
22
83
82
129
83

The result of this little query already allows you to
notice that after the problem had been formulated in
1852 quite some time passed by until it attracted
reasonable attention. Some important contributions
from the second decade of the last century have lead
to a growing interest in the four colour problem, which
even increased in the 1920s and 1930s. But the complexity of this problem, the formulation of which is so
simple, seems to have reduced the amount of interest
paid to it thereafter. Only when it became more and
more common to prove mathematical problems with
the help of computers, the four colour problem regained its place in the focus of researchers. By the
numbers of papers reviewed in ZMATH in the 1970s
one can clearly notice the increase of interest; the
proof from 1977 falls in this decade. The following
years saw, besides attempts to improve or simplify the
proof, many papers which dealt with the effects on
those areas of mathematics for which equivalent
formulations had emerged. Certainly the number of
papers in the database concerning the four colour
problem/theorem is much higher than the 488 shown
as a result of our simple query, but the general conclusion made on the basis of this result should not
change.
This is a nice little example which demonstrates how
one can easily get an overview over development
paths in mathematics.
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