io-port.net Database
c 2015 FIZ Karlsruhe

io-port 00048365
Mints, Grigorii E.
Selected papers in proof theory.
Studies in Proof Theory. Monographs. 3. Napoli: Bibliopolis. Amsterdam: North-Holland, 294 p. (1992).
This monograph consists of thirteen papers of the author’s concerning proof theory, which were published
in the last decades at different places, some of them not easily accessible, some not published previously in
English. The red thread passing through most of them is normalization of proofs. The modern concern is
application to computer science, because a formal proof can be used in specifying programs. The papers
## 1, 2, 8, 10, 11, 12 are presented in a survey paper already reviewed [Zbl 0619.03036]. Some are already
reviewed elsewhere. We concentrate here on the remaining ones, mentioning the earlier reviews. #1. Finite
investigations of transfinite derivations. See Zbl 0341.02020 for a review of the Russian version. The passage
of §8 concerning Dialectica interpretation, which is mentioned in this review, seems to be dropped. #2.
Normalization of finite terms and derivations via infinite ones. A natural deduction system NHA of Heyting
arithmetic is taken as a basis. For normalization, certain inferences are extended by adding infinitely many
premisses. Thus, a derivation in NHA is transformed into one in a system NHA∞ , which possesses also a
repetition rule. A derivation of NHA∞ can be normalized by a primitive recursive functional applied to the
corresponding derivation term. The value of this term w.r.t. the functional can be transformed back to a
normal derivation of the same formula in NHA. #3. A new reduction sequence for arithmetic. In this paper,
the reduction and ordinal analysis of Gentzen’s sequence calculus for arithmetic is revisited. In doing so,
the author has the infinitary derivations tacitly in mind which are associated to the finite ones in question,
according to #1 and #2. With respect to this view the reduction and the ordinal assignment is generalized
and simplified compared with Gentzen’s and his followers’ (Schütte, Takeuti) procedure. Thus derivations
of non-atomic formulas can be reduced. The concepts ‘explicit’ and ‘implicit’ are extended to rules and
occurrences of free variables. #4. Heyting predicate calculus with epsilon symbol. The author considers
an intuitionistic predicate calculus with the axiom of choice and ε-symbol; HPCε . Following Dragalin, the
concept of derivation is restricted to proofs containing only meaningful sequences V , i.e. for any quasiterm
εxA occurring in V there is ∀u1 . . . ∀un ∃xA in the antecedent of V or some sequent below V . The paper
follows ideas that A. C. Leisenring [Mathematical logic and Hilbert’s ε-symbol (1969; Zbl 0188.315)] uses
for the classical case. The rule


A[εxA], Γ −→ C
∃xA, Γ −→ C
which could be thought of to be used first, leads to a system not conservative over Heyting’s predicate
calculus. Finally, other methods of eliminating the ε-symbol in the intuitionistic case are compared with
the procedure applied here. #5. On E-theorems. From the proof P of an existential statement ∃xA in
intuitionistic arithmetic, a term tp can be extracted by different methods such that A[tp ] is true. In many
cases tp turns out to be the same. This is expressed by saying that many E-theorems are stable. In this
paper the following possibilities of constructing tp are shown to be stable: (I) complete cut elimination for
infinite derivations, (II) recursive realizability according to Kleene’s book, (III) partial cut elimination as in
the second consistency proof of Gentzen or with computation of terms. It is shown that (I) provides the
values of the terms given by (II) or (III). The main method of proving stability is the reduction to execution
of the proof itself as a program, i.e. normalization. It turns out that normalization and realization commute.
See Zbl 0368.02034. #6. Stability of E-theorems and program verification. This paper contains ideas and
remarks how the knowledge of the stability of E- theorems can be applied to program verification in principle
and in special cases [cf. G. Kreisel, “Some uses of proof theory for finding computer programs”, Colloq. Int.
Logique, Clermont-Ferrand 1975, Colloq. Int. CNRS, No. 249, 123-134 (1977; Zbl 0439.03044)]. The proof
of the stability of E-theorems for closed formulas obtained by the Dialectica interpretation, which is missing
in #1, is completed here. #7. Normalization of natural deduction and the effectivity of classical existence. In
#5 and #6, E-theorems and their stability are treated for intuitionistic calculi with constructively interpreted
existential quantifier. In this paper a condition is proposed by which it is possible to extract from a classical
proof of an existential sentence the associated numerical value. The relation between this relation and
normalization is investigated in detail. The concept of normalization is defined to be more restricted than
usual. The condition on the derivation d of the end formula ∃xA (proposed by V. Lifshitz) demands that
neither ∃xA nor any existential formula, on which ∃xA depends, is proven by reductio ad absurdum. #8.
On Novikov’s hypothesis. Cf. #2 of the review Zbl 0619.03036. #9. Reflection and transfinite induction.
Reflection principles for Peano arithmetic and extensions are considered, expressing ‘If a sentence is proved,
then it is true’. Equivalent systems are presented which are obtained by adding the induction rule T IRα


∀x < y(Ax → Ay)
.
y < α → Ay
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#10. Proof theory and category theory. Cf. Zbl 0514.03042. #11. Closed categories and the theory of
proofs. Cf. the Autorreferat Zbl 0368.02036, and Zbl 0619.03036, #5. #12. A simple proof of the coherence
theorem for Cartesian closed categories. A. A. Babaev and S. V. Solov’ev proved in the setting of #10
and #11 the so-called coherence theorem of category theory by switching over to the corresponding logical
apparatus [Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst. Steklova 88, 3-29 (1979; Zbl 0429.03037)]. In
his paper #12 the author considerably simplifies their proof by applying suitable reductions to the prooftheoretical approach. #13. Lewis’ systems and system T (1965-1973). This is a survey article on modal
propositional logic and its progress during the years indicated. Proof theory and elementary model theory
are treated both with preference to the first. The author adds also his own results. Philosophical questions
are not touched. Though being the longest paper of the book it is tight and concise. It gives an excellent
survey on the confusing wealth of different formal systems of modal logic and their relations even though
the construction of the paper is somewhat inconsistent; sections 1 to 3 are missing. The book contains a lot
of misprints, more than usual. Sometimes the spacing is wrong and even headlines are dropped. Of course
this does not diminish the scientific value of the book. Possibly the author overestimated the reliability of
the type setter. There is no index the reader would appreciate for. There is no information where, when
and in which languages the papers were published first. Perhaps some are revised before being published
in the collection under review. On the whole it is highly to be welcomed that all these papers, which are
important for proof theory and its applications, are now available in one volume.
H.Pfeiffer (Hannover)
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